Solution of the center with priority
discipline

The priority disciplines are those where
users are served based on fixed
priorities assigned to them.

These disciplines can be with preemption
(denoted WP) or with No-preemption
(denoted NP)
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Solution of the center with priority
discipline

In the no preemption case, the arrival of a
priority job doesn’t interrupt the service
IN progress

Instead, Iin the case with preemption, the
arriving user who has greater priority
compared to the one currently In
service, can interrupt this execution to
start his own
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Solution of the center with priority discipline

Single center and priority queue model
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Solution of the center with priority
discipline

The waiting queue is only conceptually divided
Into r queues of several priorities, where the
maximum priority jobs wait in the level 1
gueue, while the minimum priority jobs walit in
I queue

As already said, priority Is said to be abstract if
users are divided among the various levels
based on the criteria that doesn’t depend on
the service time they request to the center
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Solution of the center with priority
discipline

Priority is instead said to be service-time dependent, if
users who ask for a a tyincluded in a certain defined
interval enter level 1, while those who ask for a tg
Included in a different interval enter at level 2 , and so
on.
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Abstract Priority No Preemption
(APNP) Discipline

The parameters relating to class k, 1< k <r, are

° Ay mean frequency of arrivals at level k
« 1t service time of a class k user

o E(tg)=1/p, mean of the t,

« o(ty) variance of the tg,

* p=AJ center utilization by

users of level k
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Abstract Priority No Preemption
(APNP) Discipline

« The discipline is FIFO inside each level

« Users in class k are served only if there aren’t any in the
classes (1, 2, ..., k-1)

« If a service to a k priority user is in progress, and a user
arrives in one of the higher classes (1, 2, ..., k-1), the
center ends the service in progress (no preemption) and
then moves on to serve the arrival with greater priority
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Abstract Priority No Preemption
(APNP) Discipline

The mean waiting time of a user u, belonging to class Kk,
denoted as E(t,,)pne, depends on three factors,
called waiting components:

. Mean time needed to complete the service in progress

1. Mean time needed to serve the users already present in the
gueues with greater priority and in the same arrival queue

Ill.  Mean time needed to serve the users in classes 1, 2, .., k-1
that arrived after the arrival of u, but before it receives the
service.

According to what said on the relationship between mean waiting
time and mean seen remaining time, such quantities can be
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Abstract Priority No Preemption
(APNP) Discipline

l. A quantity equal to

r
PEa?)  with = ¥ A
2 k=1

k
II. A quantity proportional to X p
according to the law — =
1—.2191
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Abstract Priority No Preemption
(APNP) Discipline

k-1
lll. A guantity proportional to X »;

1=1
according to the law ——

These quantities combine in a
multiplicative way and give rise to

%
ZE(tSZ)

k k-1 (1)
- X pj) A= X py)

=1 =1
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Abstract Priority No Preemption
(APNP) Discipline

We can observe that if the first waiting
component is null, then the classes are
all empty on the arrival of user u, and
therefore all of E(t,,)pnp 1S NUIL.
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Abstract Priority No Preemption
(APNP) Discipline

By applying (1) to two contiguous classes k and
k+1, it is easy to verify the effect of the
discipline, in that the following relation will be

true:

E(twk)APN P <E (th+1)APN P

In other words, the users in class with greater
priority experiment a lower mean waiting time
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Abstract Priority No Preemption
(APNP) Discipline

From relation (1), if we apply Little’s law, i.e.
multiplying by A,, we obtain the mean length
of the queue k (E(W,)apnp )

Where if we sum up p, it is possible to obtain
the mean population of level k (E(Q,) apnp )

With Little, dividing by A, we obtain the
response time at level k (E(tq)apnp )
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Abstract Priority No Preemption
(APNP) Discipline

In regards the center as a whole, the
mean overall waiting time Is obtained

by

-

E(t,)aone = E [E(t) apne 1=, Pe Eltu) apwe

k=1

With p, = % the probabillity of entering in level k
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Time priority no preemption
discipline (TPNP)

TPNP Is a discipline based on the service
time t, and without preemption, or in
other words, the arrivals which ask for a
shorter service time are entered In
classes with greater priorities

With two priority classes called h and k, if
h <k then it will also be E(t.,)< E(tg,)
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Time priority no preemption
discipline (TPNP)

Assume t.e [0, D]and 0=d,<d;<d,<..<d =D

We therefore define the user of class k if the service time
he asks for is t,e [d, , d,]

* In each class, the service discipline is FIFO

+ Thetime £E(Z, )pyp can be calculated based on the formula for

the calculation of * (twk)APNP, by suitably interpreting the A,

and the E(tg), k=1, ..., r
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Time priority no preemption
discipline (TPNP)

In fact, while the arrival rates A, for APNP are arbitrarily
set and E(t) = E(t,), in TPNP the values of 2, and
E(t,,) depend on the form of the distribution f(t,) of the
service time t, and on how the intervals (d, , d,]

are chosen
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Time priority no preemption
discipline (TPNP)

£(t,) A

TPNP discipline for the
exponential distribution case
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Time priority no preemption
discipline (TPNP)

Given this division into intervals in the
exponential density f(t,) case, the value
E(t,) Is the mean of times which belong
to the interval (d,_,, d,], and Is therefore
obtainable as

E)= | 1, f()de

dk—l
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Time priority no preemption
discipline (TPNP)

Ji(%)
F(dk)_ F(dk—l)

where f£'(t)=

represents the portion of f(t.) relating to
Interval k, normalized in a way that the
underlying area between d, ; and d, Is
unitary
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Time priority no preemption
discipline (TPNP)

In the same way, A, IS proportional to the
relation between the portion of area
under the curve d,_, and d, and the total
area. Because the total area is equal to
1, there results that A, Is that part of A
proportional to F(d,) - F(d,_,)

In other words, 4 = A(F(d,)- F(d,.))
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Time priority no preemption
discipline (TPNP)
By starting from the expression E(t,,) apnpe

It IS possible to obtain an expression for
E(t,,)rpne IN the form

o,
— E(t
5 (ts)

E(tw, )Tene = a q.
[1—x jtSdF(tS)J(l—k jtde(tS)j
0 0
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Time priority no preemption
discipline (TPNP)

It is also possible to convince ourselves that,
with all factors equal, the following relation is
true

E(t ) tene < E(tyi) apnp

Below are the following general conditions

« Appropriate form (e.g. exponential) of f(t,)

« Intervals (d, ;, d,] in order to ensure a suitable order of the
series of A; and E(t;)
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Time priority no preemption
discipline (TPNP)
It Is now possible to express the mean overall

waiting time E(t,)pnp DY Starting from the
definition of the mean of means and thus

r
z PiE(y Jrenp
E(tw)TPNP = E [E(tw)TPNP] =K =1

With pk:% the probability of entering in level k and

for what was said p :|F(d|ﬁ)|s'plf(9&-1)
Cdpyright Franco Angeli
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Time priority no preemption
discipline (TPNP)

It Is therefore possible to write E(t,)rpnp
as

F(d) - F(d,.,)

l r
E(t,)rpnp = 5 E(tsz) Z d dy
= (1 -2 f tSdF(rS)][l ) ] tSdF(tS)]
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Time priority no preemption
discipline (TPNP)

It is possible to state that
E(tW)TPNP = E(tW)APNP

Demonstrable by applying the definition of
mean of means seen above

This result allows us to state that even the
overall mean waiting time in the TPNP case
Improves compared to APNP case.
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Time priority no preemption
discipline (TPNP)

In a similar way as to how we calculate the overall mean
waiting time, it is possible to get the overall mean
E(t)rpnp Of response time t;

In fact the following is true

r
E(tq)tenp = E(E(tg, ))TPNP = Y pyE(ty )TPNP
k=1

where:

E(tg, Jtene = Eltw, J7ene +E(ts ) TeNp
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Time priority no preemption
discipline (TPNP)

On the other hand, because the mean of the means of
service times t. is the same in TPNP and APNP, the
comparison between the overall residence times
TPNP and APNP is reduced to the comparison
between the mean waiting times E(t,), where we can
state that

E(tg)ene < E(tg) apnp
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Shortest Processing Time First (SPTF)
Discipline

The TPNP can still be improved if we eliminate
the abstract residual component which
remains in FIFO inside each priority level

This is obtainable by introducing a free number
of levels as the number of waiting jobs. One
level for each job.
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Shortest Processing Time First (SPTF)

In this way, each class contains one job, and
priority Is always given to the job which
requires the lowest service time

The overall average mean waiting time is

obtainable by the expression of E(t,)rpnp
making r — o.

From which
o0 dF (t,)

A 2
; B!

Bt spTE =

tS
(1- A [t dF (1))?
0

G.lazeolla ISP Lecture 30
Copyright Franco Angeli



Shortest Processing Time First (SPTF)

By elaborating on what was said for the
TPNP case, we can state that

E(t,)spre <E(tu)tene < E(ty) apne

In other words, between the no
preemption priority disciplines, the
SPTF iIs the best in terms of mean
waiting time
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Abstract Priority with preemption
discipline (APWP)

This discipline allows an arriving class k
user, to interrupt the user currently Iin
service, If the latter is of lower priority,
therefore of class k+1, .., r
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Abstract Priority with preemption
discipline (APWP)

The Interrupted user doesn’'t go back to
the tail of its queue but remains at the
head ready to restart the execution
according to the two ways that have

already been discussed

1. With loss (denoted lo)
2. Lossless (denoted Is)
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Abstract Priority with preemption
discipline (APWP)

In the lossless case, the mean waiting time of a user
who enters class k, E(t,).pwp: 1S COMposed, like
APNP, of three components

1. Mean time needed to complete the current non
Interruptible service

2. The mean time needed to serve the users already
present in the queues with greater priority and those in
the same queue during the user arrival, therefore the
users present in categories 1, 2,..., k

3. The mean time needed to serve the users arrived in
classes 1, 2, .., k-1 while ours was waiting
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Abstract Priority with preemption
discipline (APWP)

While the second and third component
take on similar values to the APNP
case, the first Is the function of only the
first k priority levels and It is expressed
with the

2
l/zl.) E(t))

(

I

L
2.
I
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Abstract Priority with preemption
discipline (APWP)

Like Iin the APNP case, the three
components combine in a multiplicative
relation amongst themselves, and thus

the mean waiting time of a class k user Is

1 kK
(5 X 1) E(t2)
E(ty, ) - 1=1
W ZAPWP s k k —1

1= 2 pj) A= 2 pj)
1=1 1=1
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Abstract Priority with preemption
discipline (APWP)

In the case where the discipline is lossless, the
service time to give to the interrupted user is
again equal to the whole service time

This causes a system overload. We can
demonstrate that E(t,,)apweic = E(tu)apwpis 1N that
the user who arrives finds a more congested
system
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Abstract Priority with preemption
discipline (APWP)

By limiting ourselves to the lossless (Is) case, we can
observe that the mean service time experimented by
each user of class k (E(tw,)pwpis ), g€ts longer in
relation to the fact that the user in service can be
Interrupted by jobs which arrive and have greater
priority

Its service time therefore virtually gets longer in
proportion to the number of times that it is
Interrupted. In essence, a user undertakes a longer
“virtual” t; the shorter its priority Is.
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Virtual Service Time

The virtual service time, observed by the class k user, can
be expressed as

E(ts, virt) APwP = Ko

It therefore results Iin E(ts, vir) Apwp, = Elts)

or, each class k user will experiment a greater mean
service time compared to the mean service time he asks
for, due to the preemption effect.
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Abstract Priority with preemption
discipline (APWP)

By comparing the relations, it is possible to convince ourselves that

E(ty) apwris < E(tui) apnp

And also E(ts ) apwp, = E(ts ) apnp

being E(tg)apne = E(t)

In other terms, in APWP,, the mean waiting time per class is shorter than
iIn the APNP (thanks to preemption), while the mean service time is
worse (due to service interruption).
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Abstract Priority with preemption

discipline (APWP)

Because, in APWP ¢ of class k, the service time

and

walting time have contrasting trends,

nothing general can be asserted for the mean
response time of class k, sum of the mean
waiting time and the mean virtual service
time, as opposed to the APNP
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Abstract Priority with preemption
discipline (APWP)

By calculating the mean of the means of r
priority levels, we obtain a relation for
the mean overall waiting time

r
E(tw)APWP, = E [E(twk ) apwp sl = kz_lpk E(ty ) APWP,
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Abstract Priority with preemption
discipline (APWP)

Similarly we can obtain an expression for
the mean overall response time

E(tq)APWPIs: E [E(tqk)APWPIS] lepkE(tqk)APWP'S

G.lazeolla ISP Lecture
Copyright Franco Angeli

43



Abstract Priority with preemption
discipline (APWP)

We can gather (by making calculations for
the two-level priority case) that the
lossless with preemption discipline can't
have any effects on the overall
response time with respect to the APNP
and KP and therefore, we can write

E(ty)spwris = E(tg)apne = E(tykp
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Time Priority with preemption (TPWP)
discipline and Shortest Remaining Processing
Time First (SRPTF)

Let’'s now consider a time dependent discipline
with preemption (TPWP), Ilimited to the
lossless (Is) case.

The users who request a shorter service time
enter inside the levels of greater priority and
can interrupt the services of lower priority
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Time Priority with preemption (TPWP)
discipline and Shortest Remaining Processing
Time First (SRPTF)

Three cases can be distinguished

1. TPWPsimple: discipline in which the interrupted user
remains in the class where he entered with his remaining
service time (thus lossless)

2. TPWPsemipreemption: discipline in which the interrupted
user (of class k+1, ... ,r) goes in the class corresponding
to its remaining service time (therefore still a lossless
discipline) and thus, the priority rises

3. SRPTF: Shortest Remaining Processing Time First
discipline, which is a semi-preemption with a infinite
number (r) of classes
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Time priority with preemption discipline and
SRPTF

As already was done for the Time Priority no
preemption, assume ts € [0, D]and 0 =d,; <d; <
d,..<d. =D

We define the class k user if the service time he asks
for is t. e (dy ¢, di]

It is assumed the discipline internal at each class
remains FIFO
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Time priority with preemption discipline and
SRPTF

Having made these assumptions, we can state that for
the TPWP e

E(tyi)rpwesimple: CAN be calculated based on the

the mean waiting time of level Kk,

APWPs formula, by suitably interpreting the
parameters A, and E(ty), for i = 1,..., k (which appear

In the numerator and in the p, of the denominator)

You can refer to the textbook for further information
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Time priority discipline with preemption and
SRPTF

In regards the TPWPisreemption dISCIPling, the
mean for level E(twk) TPWPsemipreemption can be
expressed by starting from the formula given
for APWPis, by transforming it like In the
TPNP case

The difference In this discipline is Iin the
calculation of the numerator, or in other
words, in the remaining time expression

(follow the book for details)
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Time priority discipline with preemption and
SRPTF

The mean waiting time for a class k user
IS therefore expressed by

[ 2dF ()L F(d, )t
(-2 tdF (t,)a-A[ L dF ()

A

W, )TPWPsemipreemption =

E(t
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Time priority discipline with preemption and
SRPTF

Moving ahead to the overall mean waiting time, we can
write the following equation

i
E(tw) TPWP semipreemption = E [E(twy) TPWP semipreemption 1 = Z P E (L, )rowpsemipreemption
=]

With pk:% the probability of entering in level k given

as usual by p,= F(d,) - F(d,_,)
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Time priority discipline with preemption and
SRPTF

We can therefore write the overall mean
waliting time as

cr e (PP R (10— P )
T a (1—/1fodktSdF(ts))(l—ﬂLdk‘ltde(ts))

Look at the book for the relations between E(t,,) and
various E(t,)
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Time priority discipline with preemption and
SRPTF

The Shortest Remaining Processing Time
First discipline can be seen as an
extension of the TPWP . ivreremption
discipline by making the number r of
priority levels tend to infinity.

Thus by operating the limit of the
E( w)semipreremption formula one may

derive the E(t,)sgrptr ONE
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Time priority discipline with preemption and
SRPTF

In the SRPTF case we therefore obtain

[“r drey+a- Ry
E(2,)srprr = % jp : ' 5 dF(t,)
o (-]t dR1))
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TPWP and SRPTF disciplines

We observe that with the SRPTF discipline, we
eliminate a last abstraction element still present in
the SPTF, 1.e. the fact that in this latter the priority
IS denied to a user In arrival with a shorter service
request compared to the remaining service In

progress, which thus, forces a FIFO between the
two.
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TPWP and SRPTF disciplines

We must expect that the SRPTF is better than SPTF,
In terms of mean waiting time

By comparing the suitable relations (see the book for
the formulae) it Is easy to convince ourselves that
the following relations are valid:

?

E(tw)SRPTF S E(TWN)SPTF S E(tw)TPWPsemipreemption

< E(t,)rpwp = E(ty) apwp = E(t)kp
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TPWP and SRPTF disciplines

?

Where the < relation indicates that it isn’t
always true that

E(tw)SPTF < E(tw)TPWPsemipreemption

(consult the book for details on the comparison)
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TPWP and SRPTF disciplines

Nevertheless, from this comparison, we
deduct that the time priority disciplines,
even If very easy, provide better results
In terms of overall waiting time
compared to the abstract priorities,
APNP, which behave like the ones
without priority (FIFO) in respect to the
overall waiting time
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TPWP and SRPTF disciplines

To complete the TPWPsemipreemption and SRPTF
disciplines, we can respectively express the overall
mean response time of both disciplines,

E (tq)PTCPsemipreemption =E (tw)PTCPsemipreemption +
dy
[, d S 4-d
D e +(F(d) - F(d, ) (-——— 22—+ Y —— )]
S [ 1= A o feyd, -2 0 p,
0 0 0
[’} tg dtv
E(t,)srprr = E(2,)srprr + _[0 [J-o T 1 dEt(t,)
1= A | tf(t)dt,
0
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TPWP and SRPTF disciplines

To demonstrate what was said until now,
we can observe the following table as a
comparative example of the various
disciplines based on mean response
time E(t,)

G.lazeolla ISP Lecture 60
Copyright Franco Angeli



TPWP and SRPTF disciplines

Discipline E(t) Formula used
FIFO 5.0 (6.12) e (6.3¢)
2/APNP 5.0 (6.13")
2/TPNP 3.3 (6.16)
SPTF 2.9 (6.17)
2/TPWPsemipreemption 2.8 (6.25)
SRPTF 2.3 (6.26)

The resolved case is of an exp center with E(t,)) = 1
and A =0.8 (p =0.8)

(consult the book for the comments on the results obtained by
the system solution)
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